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Swelling mechanism unique to charged gels: Primary formulation of the free energy

Hiroshi Frusawa* and Reinosuke Hayakawa
Department of Applied Physics, University of Tokyo, Bunkyo-ku, Tokyo 113-8656, Japan

~Received 18 May 1998!

This paper discusses the principal origin of the swelling behaviors inherent in charged gels. We start from a
general formula for the free energy of the system consisting of a charged gel and the surrounding reservoir.
First, it is clarified that the main term in the ionic contribution to the system free energy when the backbone
network of gel is smeared with uniform density over the gel region is the translational entropy term of small
ions freely mobileover the entire system, and therefore has no contribution to the swelling. Moreover, it is
derived, from the system free energy within the Gaussian approximation, that the effective electrostatic inter-
actions energy between charged groups on the network is obtained from summing the Yukawa-type potential
which is screened by small ions inside a gel as has been speculated before, but that the corresponding
interactions energy in smearing charged groups is to be subtracted from the total. These theoretical investiga-
tions reduce the starting formula for the system free energy to a more tractable form, which reveals that the
ionic swelling behaviors are mainly ascribed to conformational changes of the backbone networks induced by
alterations of the effective electrostatic interaction between charged groups.@S1063-651X~98!01911-4#

PACS number~s!: 82.70.Gg, 61.25.Hq, 82.60.Lf, 05.70.Ce
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I. INTRODUCTION

Charged gels are jellylike materials consisting of ba
bone charged networks~or crosslinked polymer chains wit
charged groups! and absorbed polar solvents, i.e., suck
mixtures of nonionic solvent molecules~water, for example!
and small ions~counterions dissociated from the charg
groups and added salts ions!. The gels have some remarkab
macroscopic properties@1#. First of all, the swelling degree
of aqueous gels with charged groups of the same sig
much larger than that of uncharged ones in the absenc
added salts. The superabsorbent characteristic has
widely applied to industrial products. Other fascinating ph
nomena are abrupt volume changes~volume phase transi
tion! induced by changing either the quality of nonionic s
vent or ionic conditions such as added salt concentration
pH, by applying the electric field, and so on@1#. The struc-
tural transition on a mesoscopic scale has been also dis
ered@1,2#: neutron scattering measurement suggests a po
bility that charged gels may undergo the micropha
separation by changing temperature.

In spite of the attractive features, an ambiguity rema
concerning the theoretical treatment for charged gels, in
so far there have coexisted three different interpretations
the swelling mechanism unique to charged gels: the io
swelling behaviors have been explained by the translatio
entropy difference of small ions between the inside and o
side of gel~the entropic origin! @1,3–6#, the averaged differ-
ence of the Coulomb potential between the both sides~the
potential difference origin! @3,7#, or the effective electrostatic
interactions between charged groups~the electrostatic origin!
@6–11#.

In classical theories, it seems to have been considered
the difference between these explanations is due to the
tinct simplifications of the system generally including loca
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ized polymers with charged groups@3,7,12#. Recent theories
also lack deliberate discussions about the uncertainty; th
are two types of theories for explaining the dependence
the swelling degree and the elasticity on the ionic conditio
experimentally reported@13#: some@1,5,6# are mainly based
on the entropic interpretation~the first explanation! and ad-
ditionally take into account the effect of the effective ele
trostatic interactions between charged groups, whereas o
@8–11# suppose that the third electrostatic origin is essen
in the ionic behaviors. In addition, all of theoretical trea
ments on more advanced subjects, e.g., the volume p
transition @1,14,15# and the microphase separation@16,17#,
belong to the former type.

Thus the present paper aims at settling the swell
mechanism unique to charged gels. To this end, it is ind
pensable to start from a general formula for the free ene
of the system, including not only a charged gel but also
surrounding reservoir, which is presented in Sec. II. In S
III, we clarify the main term in the ionic contribution to th
system free energy when the backbone network is sme
with uniform density over the gel region; the principal ter
definitely determines if the entropic or the potential diffe
ence interpretation is convincing, or both of them are m
leading. In Sec. IV, the starting formula for the system fr
energy introduced in Sec. II is reduced to a more tracta
form by evaluating the effective electrostatic interactions
ergy between charged groups within the Gaussian appr
mation. In Sec. V, the reduced form of the system free
ergy leads to the conclusion on the swelling mechanis
Section VI is for concluding remarks.

II. STARTING FORMULA OF THE
SYSTEM FREE ENERGY

In experimental studies@1,2,13#, a charged gel usually
exists surrounded by a polar solvent. Then, for the purp
of explaining the swelling behaviors inherent in charg
gels, one has to consider the gel system with the volumeVsys
6145 © 1998 The American Physical Society
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6146 PRE 58HIROSHI FRUSAWA AND REINOSUKE HAYAKAWA
consisting of a charged gel with the volumeVgel and the surrounding reservoir, which is illustrated in Fig. 1.
The free energyF of the gel system~the system free energy! averaged over all possible crosslink realizations may

expressed as@8–10,18#

F52kBT(
S

P~S!ln Z~S!, ~2.1!

with use of the thermal energykBT, the distribution functionP(S) for a particular crosslink configurationS, and the
constrained partition functionZ(S) being of the functional integral form@19#

Z~S!5E DR~s!)
i
E Dr i~r!C~$R~s!%;S!dF E dr r i~r!2Ni GexpF2bF ionS $R~sg!%;(

i
$r i~r!% D G . ~2.2!

The meanings of symbols in Eq.~2.2! are as follows.$R(s)% and $R(sg)% are coordinates sets of monomers and char
groups, respectively, which are specified by the arc length variabless andsg ~a subset ofs!. $r i(r)% is a set of densities for
small ions of thei th kind located at the position vectors$r% covering the entire system. The integral measures are form
given asDR(s)[P0<s<LdR(s) with the total contour length of the networkL andDr i(r)[P$r%dr i(r). C„$R(s)%;S… stands
for the constraint regarding the network and is written as

C„$R~s!%;S…5 )
0<s<L

d@„]R~s!/]s…221#)
c51

Nc

d@R~sc!2R~sc8!#, ~2.3!

where the firstd function on the right hand side~rhs! of Eq. ~2.3! arises from the geometric constraint for a differentiable cu
and the second with the number of crosslinksNc is due to a set of crosslinks being atS[$sc ,sc8%. Thed function in Eq.~2.2!
relating the densityr i to the total numberNi of the i th small ions describes the number invariance of the canonical sys
Lastly the ionic free energyF ion„$R(sg)%;( i$r i%…, as a function of both given coordinates set of charged groups$R(sg)% and
specified densities sets of small ions( i$r i(r)%, is given in the form@19#

bF ionS $R~sg!%;(
i

$r i% D 5
l B

2 E drE dr8H zgrg~r!1(
i

zir i~r!J 1

ur2r8u H zgrg~r8!1(
i

zir i~r8!J 1E dr(
i

r i~r!ln r i~r!.

~2.4!
y

d

tra

m
un
rg
p

Here the concentration of charged groupsrg(r) is related to
the position vectors$R(sg)% as

rg~r!5 (
g51

Ng

d@r2R~sg!# ~2.5!

with use of the number of charged groupsNg, l B

5e2/4p«kBT is the Bjerrum length with the elementar
chargee and the dielectric constant«, andzg andzi are the
valences of charged groups~the sign of which is considere
the same for simplicity in the following! and small ions,
respectively. Note that the condition,zgNg1( iziNi50, is
imposed on the numbers, so that the global electrical neu
ity of the system is satisfied.

III. MAIN TERM IN THE IONIC FREE ENERGY
FOR THE SMEARED NETWORK

First, let us consider the ionic contribution to the syste
free energy when the backbone network is smeared with
form density over the gel region. Denoting such free ene
by F ion( r̄g), with the smeared value of the charged grou
density given asr̄g5Ng /Vgel, we have
l-

i-
y
s

exp@2bF ion~ r̄g!#5)
i
E Dr idF E dr r i2Ni G

3expF2bF ionS r̄g ;(
i

$r i% D G ,
~3.1!

whereF ion( r̄g ;( i$r i%) is obtained by replacingrg(r) in Eq.
~2.4! with r̄g .

In terms of the density functional integral form~3.1!, the
corresponding mean-field free energyFMF is identified with
the contribution from the saddle-point path@20#

FIG. 1. Schematic of the gel system with the volumeVsys con-
sisting of a charged gel with the volumeVgel and the surrounding
reservoir of a polar solvent.
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bFMF5
l B

2 E drE dr8H zgr̄g1(
i

zi^r i~r!&J 1

ur2r8u

3H zgr̄g1(
i

zi^r i~r8!&J
1E dr(

i
^r i~r!& ln^r i~r!&, ~3.2!

where the mean-field density^r i(r)&, satisfying the relation

dF ionS r̄g , (
i

$r i% D
dr i

U
r i5^r i &

50 ~3.3!

under the condition that*dr r i5Ni , is obtained as

^r i~r!&5
Ni

*dr exp$2bziec~r!%
exp$2bziec~r!%,

~3.4!

with the Coulomb potentialc(r) defined by

c~r!5
e

4p« E dr8
1

ur2r8u H zgr̄g1(
i

zi^r i~r8!&J .

~3.5!

Incidentally, the excess free energy due to the deviation
small ions density from the mean-field value is evalua
within the Gaussian approximation in Appendix A, whic
gives the conventional Debye-Hu¨ckel correction term@7,21#.
In the following, however, the additional part is ignored f
simplicity and we setF ion( r̄g)5FMF .

Substituting Eq.~3.4! into the entropy term, i.e., the las
term on the rhs of Eq.~3.2!, we have

E dr(
i

^r i& ln^r i&5(
i

Ni ln
Ni

Vsys

2(
i

Ni ln
*dr exp~2bziec!

Vsys

2E dr b(
i

zie^r i&c. ~3.6!

With the help of the parameterl for charging process (0
<l<1), the last two terms on the rhs of Eq.~3.6! are re-
written as
of
d

2(
i

Ni ln
E dr exp~2bziec!

Vsys

52E
0

1

dl
]

]l F(
i

Ni lnH E dr exp~2bzilecl!J G
5bE

0

1

dlE dr(
i

zie^r i&l

]~lcl!

]l
~3.7!

and

2bE dr(
i

zie^r i&c

52bE
0

1

dlE dr
]

]l H(
i

zile^r i&lclJ ,

~3.8!

with ^r i(r)&l and cl(r) obtained from replacinge in Eqs.
~3.4! and~3.5! by le. In the same way, the mean-field ele
trostatic energy, i.e., the first term on the rhs of Eq.~3.2!,
reads

FIG. 2. Schematic of the Coulomb potentialc ~r! when charged
groups are smeared uniformly over the gel region. The poten
satisfies the Poisson-Boltzmann equation, i.e., the combinatio
Eqs.~3.4! and ~3.11! with settingl51.
l B

2 E drE dr8H zgr̄g1(
i

zi^r i~r!&J 1

ur2r8u H zgr̄g1(
i

zi^r i~r8!&J 5
b

2 E
0

1

dlE dr
]

]l FlH zger̄g1(
i

zie^r i&lJ clG .
~3.9!

Equations~3.6!–~3.9! transform expression~3.2! for the mean-field free energyFMF to @22#

bFMF52
b«

2 E
0

1

dlE drH DFl

]~l2Fl!

]l
2

]~DFl!

]l
~l2Fl!J 1(

i
Ni ln

Ni

Vsys
5E

0

1

dl
2

l Fb«

2 E dr El
2G1(

i
Ni ln

Ni

Vsys
.

~3.10!



py term

6148 PRE 58HIROSHI FRUSAWA AND REINOSUKE HAYAKAWA
Here we have used the Poisson equation

Dcl~r![lDFl~r!52
l

« H zger̄g1(
i

zie^r i~r8!&lJ , ~3.11!

and the relations,DFl$](Fl)/]l%2$](DFl)/]l%Fl50 and“•(Fl“Fl)5DFl(Fl)1(“Fl)2. Also El52“cl is the
electric field with an arbitrary charging parameterl.

As found from solving the Poisson-Boltzmann equation@e.g., the combination of Eqs.~3.4! and ~3.11! for l51#, the
electric fieldEl in Eq. ~3.10! is localized in the vicinity of the gel surface, except in the trivial case ofl50, to satisfy the local
electrical neutrality elsewhere~see Fig. 2!, and hence the first term on the rightmost side of Eq.~3.10! is negligible in
comparison with the other terms for larger gels which are the concerns of the present paper@23#. In other words, setting
F ion( r̄g)5FMF as stated above, the main term in the ionic free energy for the smeared network is the translational entro
of small ions which are freely mobileover the entire system:

bF ion~ r̄g!'(
i

Ni ln
Ni

Vsys
. ~3.12!

IV. REDUCED FORM OF THE SYSTEM FREE ENERGY

Introducing the ionic free energy for the actual networkF ion$R(sg)%,

exp@2bF ion$R~sg!%#5)
i
E Dr idF E dr r i2Ni GexpF2bH F ionS $R~sg!%;(

i
$r i% D J G , ~4.1!

similarly to Eq.~3.1!, the starting formula~2.2! for the constrained partition functionZ(S) is rewritten as

Z~S!5exp@2bF ion~ r̄g!#E DR~s!C„$R~s!%;S… exp@2b„F ion$R~sg!%2F ion~ r̄g!…#. ~4.2!

In Appendix B, the difference between the actual ionic free energyF ion$R(sg)% and the smeared oneF ion( r̄g) is evaluated
within the Gaussian approximation as

b„F ion$R~sg!%2F ion~ r̄g!…52
2p l Bzg

2

k in
2 r̄g

2Vgel1
l Bzg

2

2 E drE dr8rg~r!
exp~2k inur2r8u!

ur2r8u
rg~r8!, ~4.3!

where k in
21 is the screening length determined by the concentration of small ions inside gel@see also definition~A13! in

Appendix A#.
Thus, the combination of Eqs.~2.5!, ~3.12!, ~4.2!, and~4.3! reduces the system free energyF given by Eqs.~2.1! and~2.2!

to

bF5(
i

Ni ln
Ni

Vsys
2

2p l B

k in
2 ~zgr̄g!2Vgel2(

S
P~S!ln Znet~S! ~4.4!

and

Znet~S!5E DR~s!C„$R~s!%;S… expH 2
l Bzg

2

2 (
g,h51

Ng exp„2k inuR~sg!2R~sh!u…
uR~sg!2R~sh!u J . ~4.5!
o
on
o

th
id
ce

l

Znet(S) is dependent only on the position vectors of mon
mers $R(s)%, and may be called the constrained partiti
function of the backbone network. It is seen from the exp
nent on the rhs of Eq.~4.5! that the potential of the effective
electrostatic interactions between charged groups is of
Yukawa type, which is screened by small ions not outs
but inside a gel, as has been often speculated before ex
ing Ref. @7#.

To be noted here, the additional osmotic pressureDP
produced by the second term on the rhs of Eq.~4.4! is ob-
tained in the form~see Appendix C!
-

-

e
e
pt-

bDP52
r̄g

2 S 2Cs

r̄g
D 2H 11S 2Cs

r̄g
D 2J 23/2

, ~4.6!

with Cs being the concentration of added salt. Equation~4.6!
indicates thatDP vanishes with little added salts~i.e.,
2Cs / r̄g!1! even thoughDP converges to the conventiona
Donnan form with the opposite sign, i.e.,bDP'
2 r̄g

2/4Cs , in the case of fully added salt satisfying 2Cs / r̄g

@1 @6,7#. That is, the second term on the rhs of Eq.~4.4!
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plays no significant role in the ionic swelling behavio
which are remarkable in weakly screening regime such
2Cs / r̄g!1.

Thus it is found that the ionic contribution to the syste
free energy given by Eqs.~4.4! and~4.5! mainly arises from
the screened electrostatic interactions energy betw
charged groups in the constrained partition function of
charged networkZnet(S).

V. SWELLING MECHANISM UNIQUE TO CHARGED
GELS

The free energy of the system including a neutral gel
been often evaluated in the simplest approximation under
Flory-Rehner~FR! hypothesis@24# that the part from the
interactions of the free energy may be determined indep
dently of the network configuration. Applying the assum
tion to the present charged gel system, Eq.~4.5! reads

Znet~S!5expS 2
l Bzg

2

2
r̄g

2E drE dr9
e2k inur2r8u

ur2r8u D
3E DR~s!C„$R~s!%;S…. ~5.1!

Since the exponent in Eq.~5.1! is equal to the second term
on the rhs of Eq.~4.4!, expressions~4.4! and ~4.5! for the
system free energyF are further simplified as

bF5(
i

Ni ln
Ni

Vsys
2(

S
P~S!lnH E DR~s!C„$R~s!%;S…J ,

~5.2!
tic
th
rk
e
e
e
ni
n

g
m
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ee

e
t
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s

en
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e

n-
-

which has no ionic term, and hence reveals that the FR
pothesis is misleading explicitly in the case of the charg
gel system.

Indeed, for weakly charged gels, the invalidity of the F
hypothesis has been confirmed from evaluating the th
term on the rhs of Eq.~4.4!, with use of both the replica trick
and the well-known replacements@8–10#:

)
0<s<L

d@~]R/]s!221#→E
0

L

ds
3

2l S ]R

]s D 2

~5.3!

and

l Bzg
2

2 (
g,h51

Ng e2k inuR~sg!2R~sh!u

uR~sg!2R~sh!u

→
l B

2 S zga

l D 2E
0

L

dsE
0

L

ds8
e2k inuR~s!2R~s8!u

uR~s!2R~s8!u
,

~5.4!

wherel is the monomer length~or the cutoff length!, anda is
the number ratio of charged groups to monomers.

For highly charged gels, on the other hand, the anal
with the corresponding polyelectrolyte solutions sugge
that the charged network with little added salts behaves
a rigid rod at least in a local scale. Hence, according to Od
and Skolnick and Fixman theories@25#, we have
l B

2 S zga

l D 2S E
0

L

dsE
0

L

ds8
e2k inuR~s!2R~s8!u

uR~s!2R~s8!u
2E

0

L

dsE
0

L

ds8
e2k inus2s8u

us2s8u D 5
l B

8k in
2 S zga

l D 2E
0

L

dsS ]2R

]s2 D 2

1X ~5.5!
in
the

e
the

nic
ce
he
ups

In
ith

ened
ups

ults
elas-
-

denoting byX the term which arises from the electrosta
interactions of excluded volume type. The first term on
rhs of Eq.~5.5! stands for the bending energy of the netwo
and reveals the inapplicability of the FR hypothesis; the
fective electrostatic interactions energy is strongly depend
on the network configuration. As speculated upon in R
@11#, the sensitive stiffness of the charged network to io
conditions would play an essential role in the swelling a
elastic properties of highly charged gels.

Finally, we arrive at the conclusion that the ionic swellin
behaviors of charged gels are mainly ascribed to confor
tional changes of the backbone networks induced by a
ations of the screened electrostatic interaction betw
charged groups.

VI. CONCLUDING REMARKS

In the present paper, the primary formulation for the fr
energy of the gel system has been performed to obtain
correct explanation for swelling mechanism unique
e

f-
nt
f.
c
d

a-
r-
n

e
he

charged gels. First, it was clarified in Sec. III that the ma
term in the ionic free energy for the smeared network is
translational entropy term of small ions freely mobileover
the entire system, and therefore has no contribution to th
swelling of charged gels. This means the incorrectness of
first two interpretations described in Sec. I, that the io
swelling is due to the entropic or the potential differen
origin. Moreover, it was confirmed in Secs. IV and V that t
effective electrostatic interactions between charged gro
screened by small ions inside a gel~i.e., the electrostatic
origin! determine the swelling inherent in charged gels.
other words, the superabsorptions of aqueous gels w
charged groups of the same sign are due to the scre
electrostatic repulsive forces between charged gro
stretching out the backbone networks.

This paper suggests the next step: experimental res
such as the dependence of the swelling degree and the
ticity on the ionic conditions@1,13#, the volume phase tran
sition @1#, and the microphase separation@1,2# are to be re-
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examined on the basis of the obtained picture@or by starting
with expressions~4.4! and~4.5! for the system free energy#.

In closing, we would like to stress that the present form
lation of the charged gel system is general, and is applica
to other systems where some charges are localized in s
gion while others are freely mobile over the entire syste
such as asymmetric electrolytes~mixtures of small ions and
either linear polyions or charged colloids!, polyelectrolyte
brushes where the chains are attached to planar solid
faces, Donnan membrane systems consisting of both
side’’ to which some charges are confined and ‘‘outside
and so on. For a single polyelectrolyte chain and graf
polyelectrolyte layers, path-integral representations sim
to Eq. ~4.5! using replacements~5.3! and ~5.4! have often
been ~but somewhata priori! used in studying the chain
conformations@26#. Similar discussions to that in this pap
would clarify the validity of the previous treatments. F
Donnan membrane systems, on the other hand, although
tensive theoretical investigations of the McMillan-May
type @21#, where the ‘‘inside’’ is regarded as a grand cano
.,

n

b

th
-
le
re
:

ur-
-
’
d
r

ex-

-

cal system, have elucidated that nonideal terms of the D
nan osmotic pressure are produced by the effective inte
tions between confined charges and not by the translati
entropy of charges permeable through the membrane,
canonical formulation within our framework would prese
an alternative derivation.

APPENDIX A: EVALUATION OF THE IONIC FREE
ENERGY FOR THE SMEARED NETWORK WITHIN

THE GAUSSIAN APPROXIMATION

Let w i(r ) be the density difference between the actu
valuer i and the mean-field onêr i&:

w i5r i2^r i&, ~A1!

and FD( r̄g ;( i$w i%) be the difference betwee
F ion( r̄g ;( i$r i%) obtained from replacingrg(r) in Eq. ~2.4!
with r̄g andFMF given by Eq.~3.2!. Then,FD( r̄g ;( i$w i%) is
given as
bFDS r̄g ;(
i

$w i% D 5
l B

2 E drE dr8H(
i

ziw i~r!J 1

ur2r8u H(
i

ziw i~r8!J
1E drF(

i
$^r i~r!&1w i~r!% lnH 11

w i~r!

^r i~r!&J 1(
i

w i~r!$bziec~r!1 ln^r i~r!&%G . ~A2!
ec-

ed
e

n-
The last two terms on the rhs of Eq.~A2! cancel out due to
both Eq.~3.4! and the number conservation condition, i.e

E dr w i~r!50. ~A3!

Moreover, by expanding the logarithmic term in Eq.~A2! up
to quadratic terms within the Gaussian approximation a
using condition~A3!, Eq. ~A2! is reduced to

bFD5
l B

2 E drE dr8H(
i

ziw i~r!J 1

ur2r8u H(
i

ziw i~r8!J
1E dr(

i

$w i~r!%2

2^r i~r!&
. ~A4!

Since the additional electrostatic interactions energy
tween inside and outside of gel in Eq.~A4! is principally
ascribed to the supplementary electric field localized to
surface region of gel and thus may be ignored, Eq.~A4! is
further simplified as

FD5 (
m5 in,out

FDm

and
d

e-

e

bFDm5
l B

2 E drE dr8H(
i

ziw im~r!J e2ur2r8u/d

ur2r8u

3H(
i

ziw im~r8!J 1E dr(
i

$w im~r!%2

2^r i&m
.

~A5!

Here in and out denote the inside and outside of gel, resp
tively, and the first term on the rhs of Eq.~A5! is multiplied
by the standard convergence factor,e2ur2r8u/d (d3;Vsys)
@21#, due to which the infrared divergence is regulariz
without use of the electrical neutrality condition as will b
seen from Eq.~A10!. Also w im(r) ~m5 in and out! are de-
fined asw im5r im2^r i&m , and^r i&m are spacially invariant
values given as

^r i&out5
Ni

E dr exp$2bziec~r!%

~A6!

and

^r i& in5^r i&out exp$2bziecD% ~A7!

in terms of the potential differencecD between the inside
and outside of gel~see Fig. 2!. Thus, consideringDr im
5Dw im[P$r%dw im(r) and separating the mean-field free e
ergy FMF , Eq. ~3.1! reads
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exp„2bF ion~ r̄g!…5exp~2bFMF!)
i

)
m5 in,out

E Dw imdF E dr w i GexpX2bFDmS r̄g ;(
i

$w i% D C. ~A8!
ie

y

ing

and

e

and

n

To proceed further, it is convenient to use the Four
transform ofw im(r):

w im~p!5
1

Vm
E dr exp~ ip•r!w im~r! ~A9!

or w im(r)5(pexp(2ip•r)w im(p), whereVin5Vgel and Vout
5Vsys2Vgel. With use ofw im(p), Eq. ~A5! is rewritten in
the form

bFDm52p l BVm(
p

F H(
i

ziw im~p!J 2

p1
2 ~1/d!2

1(
i

$ziw im~p!%2

4p l Bzi
2^r i&m

G . ~A10!

It is to be noted here that constraint~A3!, i.e., *dr w i(r)
'(m5 in,outw im(p)up25050 in Eq. ~A8!, does not necessaril
lead tow im(p)up25050: the terms ofp250 in Eq. ~A10! are
relevant.

In the transformation from variablesw im(r) to w im(p), we
have Dw im5(Ji /zi)Pp d$ziw im(p)% with the JacobianJi .
Then, the density functional integral in Eq.~A8! is equiva-
lent to the Gaussian integral overziw im(p), which yields
@27#

exp„2bF ion~ r̄g!…5exp~2bFMF!

3expH 2b (
m5 in,out

FDHm~ r̄g!J
~A11!

and

bFDHm5
1

2

Vm

~2p!3 E dp lnS p21~1/d!21km
2

p21~1/d!2 D .

~A12!
rHere the screening lengthkm
21 ~m5in and out! is defined as

km
2 54p l B(

i
zi

2^r i&m , ~A13!

and we have introduced the usual continuum limit

(
p

>
Vm

~2p!3 E dp, ~A14!

and have ignored the terms which do not affect the swell
and elastic properties of charged gels.

Performing the integral in Eq.~A12!, we obtain

F ion~ r̄g!5FMF1FDH ~A15!

and

bFDH>2 (
m5 in,out

km
3

12p
Vm , ~A16!

where the ultraviolet divergent terms have been omitted
km

21!d ~m5 in and out! has been considered. Note thatFDH

corresponds to the Debye-Hu¨ckel correction term of simple
electrolyte solutions@7,21#.

APPENDIX B: DERIVATION OF EQ. „4.3…

To derive expression~4.3!, we have only to evaluate th
ionic free energy for the actual network, i.e.,F ion$R(sg)%,
since the smeared one has been obtained in Sec. III
Appendix A. The evaluation ofF ion$R(sg)% below is per-
formed in parallel to that of Appendix A.

Let w i(r) be the concentration difference of thei th small
ions, and FD„$R(sg)%;( i$w i%… be the difference betwee
F ion„$R(sg)%;( i$r i%… defined by Eq.~2.4! andFMF given as
Eq. ~3.2!. By tracing the discussion from Eqs.~A2! to ~A7!,
we obtain
bFD„$R~sg!%;(
i

$r i%…5 (
m5 in,out

bFDm , ~B1!

bFD in5
l B

2 E drE dr8H zg„rg~r!2 r̄g…1(
i

ziw im~r!J e2ur2r8u/d

ur2r8u H zg„rg~r8!2 r̄g…1(
i

ziw im~r8!J U
m5 in

1E dr(
i

$w im~r!%2

2^r i&m
U

m5 in

, ~B2!

and
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bFDout5
l B

2 E drE dr8H(
i

ziw im~r!J e2ur2r8u/d

ur2r8u H(
i

ziw im~r8!J U
m5out

1E dr(
i

$w im~r!%2

2^r i&m
U

m5out

. ~B3!

Then, Eq.~4.1! reads analogously to Eq.~A8!:

exp„2bF$R~sg!%…5exp~2bFMF!)
i

)
m5 in,out

E Dw imdF E dr w i GexpX2bFDmS $R~sg!%;(
i

$w i% D C. ~B4!

With use of the Fourier transforms ofw im(r) and rg(r) @which are defined as Eq.~A9!# and rg(p)
5(1/Vgel)*dr exp(ip•r)rg(r), Eqs.~B2! and ~B3! are transformed to

bFD in52p l BVm
F H(

i
ziw im~p!Up250J 2

~1/d!2 1(
i

$ziw im~p!up250%
2

4p l Bzi
2^r i&m

GU
m5 in

12p l BVm (
p2Þ0

S H zgrg~p!1(
i

ziw im~p!J 2

p21~1/d!2 1(
i

$ziw im~p!%2

4p l Bzi
2^r i&m

DU
m5 in

~B5!

and

bFDout52p l BVm(
p

F H(
i

ziw im~p!J 2

p21~1/d!2 1(
i

$ziw im~p!%2

4p l Bzi
2^r i&m

GU
m5out

~B6!

respectively, wherew im(p)up250Þ0 ~m5 in and out! is noted similarly to Appendix A. Thus, the Gaussian integral o
ziw im(p) in Eq. ~B4! yields

exp„2bF$R~sg!%…5exp~2bFMF!expH 2b (
m5 in,out

FDHm„$R~sg!%…J , ~B7!

b~FDH!m5 in„$R~sg!%…5
1

2
lnS ~1/d!21k in

2

~1/d!2 D 1 (
p2Þ0

F1

2
lnS p21~1/d!21k in

2

p21~1/d!2 D 1
2p l BVgel$zgrg~p!%2

p21~1/d!21k in
2 G

52
2p l BVgel$zgrg~p!up250%

2

~1/d!21k in
2 1(

p
F1

2
lnS p21~1/d!21k in

2

p21~1/d!2 D 1
2p l BVgel$zgrg~p!%2

p21~1/d!21k in
2 G , ~B8!

and

b~FDH!m5out„$R~sg!%…5(
p

1

2
lnS p21~1/d!21kout

2

p21~1/d!2 D ~B9!

with the screening lengthkm
21 defined in Eq.~A13!.

Comparing Eqs.~B7!, ~B8!, and~B9! with Eqs.~A11! and ~A12!, Eq. ~4.3! is derived:

b„F ion$R~sg!%2F ion~ r̄g!…52
2p l BVgel$zgrg~p!up250%

2

~1/d!21k in
2 12p l BVgel(

p

$zgrg~p!%2

p21~1/d!21k in
2

52
2p l Bzg

2

k in
2 r̄g

2Vgel1
l Bzg

2

2 E drE dr8rg~r!
exp~2k inur2r8u!

ur2r8u
rg~r8!. ~B10!

In the second line of Eq.~B.10!, we have usedrg(p)up2505 r̄g andk in
21!d.

APPENDIX C: DERIVATION OF EQ. „4.6…

The screening lengthk in
21 inside a gel defined in Eq.~A13! is evaluated by takinguzgu5uzi u51 and^( ir i&out52Cs , with

the concentration of added saltCs as follows: since the total concentration^( ir i& in of small ions inside a gel is given as
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K (
i

r i L
in

52Cscosh~becD!, ~C1!

and the local electrical neutrality condition inside a gel is written as

zgr̄g52Cssinh~becD!, ~C2!

we obtain

k in
2 54p l B~ r̄g

214Cs
2!1/2 ~C3!

with use of the relation cosh2 x2sinh2 x51. Substituting Eq.~C3! into the second term on the rhs of Eq.~4.4!, the additional
osmotic pressureDP is obtained:

bDP5 r̄g
2 ]

]r̄g
H 1

r̄gVgel
S 2

r̄g
2Vgel

2$r̄g
214Cs

2%1/2D J 52
r̄g

2 S 2Cs

r̄g
D 2H 11S 2Cs

r̄g
D 2J 23/2

. ~C4!
u,

.

s
a

S.

ka,
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